The Exp-Function Method and n-Soliton Solutions
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We generalize the exp-function method recently proposed by He and Wu [Chaos, Solitons and
Fractals 30, 700 (2006)]. We apply this generalized method to the Korteweg-de Vries equation and
derive the known 2-soliton and 3-soliton solutions. We also discuss the efficiency, as well as the

drawbacks of the proposed method.

Key words: Exp-Function Method; n-Solitons.

1. Introduction

During the last decades, obtaining special solutions
of nonlinear integrable and nonintegrable partial dif-
ferential equations (PDEs) has been a most interest-
ing subject of extensive research. As a result, one can
find in the bibliography an enormous amount of books
and papers aimed at this direction, where several dif-
ferent kinds of methods are described, such as the in-
verse scattering method [1], Hirota’s method [1], the
Painlevé analysis [2—4], symmetry reductions [5], the
homogenous balance method [6], the tanh method [7],
the exp-function method [8], and several “ansatz”
methods (see for example [9, 10]).

One disadvantage of many of the methods men-
tioned above is that they can only lead to wave (or
trigonometric) solutions of the form u = u(x,t) =
u(x—ct), i.e. solitary waves. This is due to the fact
that the starting point of these methods is precisely the
assumption that the equation admits a solution of a spe-
cific form, which, in every case, embeds in the above
general form.

In this paper we generalize the exp-function method,
in order to be able to reveal n-soliton solutions for any
n > 2. We then apply the proposed method to the fa-
mous Korteweg-de Vries (KdV) equation, where the
known 2-soliton and 3-soliton solutions are revealed in
a simple and straightforward way. We also discuss the
advantages, as well as the drawbacks of the proposed
generalized method.

2. The Basic Idea

Recently in [8], a new method was proposed for
finding special solutions of PDEs, which was called

the “exp-function method”. The method is based on
the assumption that the solutions can be expressed in
the form

m n
t) = Zaieié/Zbiei‘g, E=b(x—ct). (1)
i=0 i=0
By substituting relation (1) into the equation and bal-
ancing the highest-order terms we can determine m
and n. Consequently, substituting relation (1) into the
equation and equating to zero the coefficients of ¢S, we
can determine the coefficients a;, b;, b and ¢ (some of
them may be arbitrary), or conclude with the fact that
the equation does not admit any solution of the above
form.

The above method appears to be new, although ideas
in this direction can be found in [11-13]. It also ap-
pears to be reasonable, since the majority of the solu-
tions of various PDEs that appear in the bibliography
consist of combinations of exponentials, trigonomet-
ric and/or hyperbolic functions, which embed in the
form (1).

Since many of the n-soliton solutions of various
equations are also combinations of exponential func-
tions, it is also reasonable to generalize relation (1) as

ffa Ay ZZ” i
i=0j=0 i=0j=0 2
él_bl( _Ct)’ i=1,2,
or
u(x,t) =

% % ia itk /Z Z Z by,

i=0j=0k= i=0j=0k=

& = bi(x —c,) i=123. 3)
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Consequently, substituting relations (2) or (3) into the
equation, we can determine (if possible) all coeffi-
cients.

Clearly, relations (2) and (3) can now reveal 2-soli-
ton and 3-soliton solutions, respectively. Moreover, we
can obviously generalize these relations and reveal in
the same way, provided they exist, n-soliton solutions
for any fixed n.

3. Application to the KdV Equation

In this section we apply the above procedure to the
famous KdV equation

“4)

and derive the known 2-soliton and 3-soliton solutions.
All the computations are carried out by using MATHE-
MATICA.

Uy — 6ty + Uy =0,

3.1. 2-Soliton
We assume that (4) admits a solution of the form
u(x,[) = (aloe‘:l + ame‘:z +alle‘:l+‘:2 +a2162‘:l+‘:2
+a12e51+252)(1 +aleél + azeéz +a3eél+'§z)—2, (5)

where & = b; (x —¢;t), i = 1,2, which embeds in the
form (2). Substituting relation (5) in (4) we obtain the
relation

5 5 L
Yy ¥ Al.jeténﬂéz
i=0,j=0
(1 + ale‘:l + aze‘:z + a3e<§1+‘:2)

5 =0,
where Ass = Agp = 0.

Relations A45 = 0 and As4 = 0 imply, respectively,
(6)

Consequently, relations As3 = 0, A35 =0 and Ayg =0
yield, respectively,

2 2
C1 :bl s C2:b2 .

2
ax1 = —2a1a3by”,
2
ap = —2aazb;”,

2

ay] = —4a1a2(b1 —bz) .

Then, relation A43 = 0 implies

ayp = —{2a1 [2a3b22(b1 +b2)2
+ajar(by — b)* (01? — 202%)] }{as (b1 +b2)*} ",
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while relation Az4 = 0 yields

ap] = —{2612 [2a3b12(b1 —|—b2)2
+ajar(by —b2)? (02> —2b6,2) ] Mas(br +b2)*} .

Finally, relation A4y = 0 implies

_araa(by —by)?

R (N

while the rest of relations A;; = 0 are identically satis-
fied.

Thus, we conclude with the 2-soliton solution (5),
where

aio=—2aibi*, ap1 = —2axby?,
a1 = —4ajar (b — by)?,
2a12a2b22(b1 — b2)2
= (b1+by)? ’
2a1a,%b1 (b — by)?
ap=— b1 £ 5,72 ;

as is given by (7), ¢; and ¢, are given by (6), and aj,
as, by, by remain arbitrary.

3.2. 3-Soliton

We now assume that (4) admits a solution of the
form

f1(§17§2»§3)

u(x,r) = 505053

f2(€17€27€3)7
where & = b;(x —c;t), i =1,2,3, and

®)

fi(&1,E2,E3) = ar00e! + api0e> + ago1e>
+alloe§1+'§z +a101e51+'§3 + a0116§z+53
+ 4102182 1 a190e51 122 4 gp,e251 153

+ 1026528 + ap €295 4 g pe5 25
a9t ets 4 gy 201018 |y e8P0t

+a lze‘il +6+28 4 a221e2‘§' +26+&3

2 2 2 2
T aypae E1+6+283 +a1226'5‘+ &t '53’

£(&1,8,83) = (1 +ale‘§' +a2e‘:2 —|—a3e‘§3 +a4e§1+‘:2
+ase‘§'+‘§3 +a6e‘§2+‘§3 + a7e‘:'+‘:2+‘53)2.

Clearly, relation (8) embeds in the form (3).
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Substituting relation (8) in (4) we obtain, after similar manipulations,

aio0 = —2a1b12, agio = —2a2by?, apor = —2a3b3?, ajg = —4aiaz(by —ba)?,
2a12a2by> (b — by)?
_ 2 _ 2 _ 1°7a2by” (b1 — by
aior = —4ayaz(by —b3)", aon = —4azaz(by—b3)", axo=— OETSE ;
P _2a1a5%bi* (b1 — by)? gt — _ 2ai’azbs’ (b1 —b3)? P _2a1a3°by’ (b1 — b3)?
120 by +b)? , a1 (b1 +b3)? ,ane (b1 +by)? ;
Gt _ 2ay%asbs’ (by — b3)? g — 2aya3*by” (by — b3)*
021 (b2 + by)? ,ao12 (br + by)? ,
2
g 8ajaras [blz (b26 + b36) — 2b14(b24 + b34) + b16(b22 + b32) + b22b32 (bzz — b32) ]
H (b1 4 b2)? (b1 + b3)?(by + b3)? ’
_4ai’ayasz(by — by)? (b1 — b3)*(by — b3)? _daiay’asz(by — by)? (b1 — b3)?(by — b3)?
az|]p = — , dA121 = — 5
(b1 +b2)?(b1 + b3)? (b1 +b2)? (b2 + b3)?
- 4a1a2a32(b1 —bz)z(bl —bg)z(bz —b3)2 - 2a12a22a3b32(b1 —b2)4(b1 —bg)z(bz —b3)2
ajge = — 2 2 , A1 = — 4 2 D) 5
(b1 +b3)* (b2 +b3) (b1 +b2)* (b1 +b3)? (b2 + b3)
a _ _2a12a2a32b22(b1 — bz)z(bl — b3)4(b2 — b3)2 a _ 2a1a22a32b12(b1 — bz)z(bl — b3)2(b2 — b3)4
2 (b1 +b2)2(b1 + b3)* (by + b3)? 2 (b1 +b2)2(b1 +b3)2(ba+b3)*
s = alaz(bl —b2)2 as — a1a3(b1 —b3)2 _ azag(bz —b3)2
(bi+b2)> T (bi+b3)? (by+b3)>
= ayazaz(by — by)?(by — b3)?(by — b3)?

(b1 +b2)? (b1 +b3)?(by+b3)?

and ¢; = b, i = 1,2,3, while ay, a», as, and by, by, b3
remain arbitrary.

4. Conclusions and Discussion

We proposed a generalization of the exp-function
method. Consequently, we applied this generalized
method to the famous KdV equation and revealed the
known 2-soliton and 3-soliton solutions.

The method consists only of algebraic manipula-
tions, which can be carried out by using any computer
algebra program, such as MATHEMATICA or MAT-
LAB. Moreover, since the existence of n-soliton solu-
tions is a general feature of integrable PDEs, the pro-
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